We apply optimal control theory to explore and manipulate rotational wavepacket dynamics subject to a dissipative environment. In addition to investigating the extent to which nonadiabatic alignment can make a useful tool in the presence of decoherence and population relaxation, we use coherent rotational superpositions as a simple model to explore several general questions in the control of systems interacting with a bath. These include the extent to which a pure state can be created out of a statistical ensemble, the degree to which control theory can develop superposition states that resist dissipation, and the nature of environments that prohibits control. Our results illustrate the information content of control studies regarding the dissipative properties of the bath and point to the strategies that optimize different targets in wavepacket alignment in nonideal environments. As an interesting aside, the method is used to illustrate the limit where the coherence-based approach to molecular alignment converges to traditional incoherent approaches.
I. INTRODUCTION
Coherent control approaches have been successfully applied, during the past two decades, to problems ranging from atomic physics and gas-phase molecular dynamics, through solid-state physics and semiconductor device technology, to solution chemistry and biology ͑see Refs. 1-10 for several of the many review articles and books on the concept and application of coherent control͒. The generality of the coherent control concept, demonstrated in numerous experiments and numerical simulations, has also been rationalized theoretically. 7 In the context of two-pathway excitation control, 2,9 the possibility of using coherent control tools as a coherencebased spectroscopy was introduced in Refs. 11-15 ͑see 16-18 for reviews͒, where information related to the phases of energy-resolved wave functions was shown to be extractable from observables. Several publications have demonstrated the possibility of similarly utilizing the outcome of optimal control 1, 7 experiments to unravel reaction pathways and mechanisms. [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] The development of coherence spectroscopies based on coherent control tools is based on a simple and general anticipation; namely, that a spectroscopy that utilizes the phase property of lasers would provide more information than one that utilizes only their energy resolution, particularly regarding properties that are sensitive to the phase of the material wavefunction. 12 The increasing interest in coherence phenomena as a route to material properties has been accompanied, in recent years, by a rapidly increasing interest in control of complex systems, including molecules of biological relevance 24, 29 and quantum systems subjected to dissipative environments. 30 In application to complex dynamical systems, optimal control theory 6, 31, 32 ͑OCT͒ has proven particularly successful, combining the power of modern computation with the rapid progress of laser technology to gain control over, and insights into, coherent processes in a variety of nontrivial media.
In the present work, we apply OCT to control of coherent rotational dynamics in dissipative environments. Manipulation of rotational degrees of freedom using single or multiple moderately intense pulses has been the topic of rapidly growing activity in recent years. The objective of these studies has been to align ͑or orient͒ molecules via the population of rotationally broad wavepackets with controllable spatial properties ͑for an early and a recent reviews, see Refs. 33 and 34, respectively͒. Alignment can be induced either adiabatically, 35 by means of a laser pulse of duration exceeding the rotational periods, or nonadiabatically, [36] [37] [38] [39] by means of a short ͑with respect to the rotational timescales͒ pulse or series of pulses. The latter approach has been particularly popular in recent years, introducing a variety of interesting phenomena, including postpulse field-free alignment and coherent rotational revivals. 40 Within the nonadiabatic approach, genetic algorithms were successfully applied to enhance and manipulate both alignment 41 and orientation 42 of isolated molecules. Rotational coherences and nonadiabatic alignment, both as a means of controlling and as a means of gaining new insights into molecular systems, are particularly interesting in dissipative media. Whereas the interest in alignment as a potential means of controlling solution dynamics is long understood, its potential as a means of understanding systembath interactions is suggested in recent studies. 43, 44 The application of coherent control strategies to the case of rotational excitation and nonadiabatic alignment is thus inviting.
In recent research, 44 we have applied a scheme for optimal control in dissipative environments 45 to explore and enhance the nonadiabatic alignment of thermal ensembles in a͒ Author to whom correspondence should be addressed. Electronic mail: t-saideman@northwestern.edu.
the ground vibrational state using CO molecules interacting with an Ar bath as a model. Within this context, we addressed the more general questions of the extent of controllability in dissipative media via coherent excitation and the ability of optimal control to counteract the solvent-induced dissipative processes. In particular, by noting the changes in the optimal field as the properties of the environment were varied, we unraveled the mechanisms that control algorithms apply to deal with the problems of population relaxation, pure decoherece, 46 and finite temperature, as well as the essential timescales involved in alignment in solutions. The work of Ref. 44 focused attention on a single control target, namely, maximizing the alignment at a predetermined instant of time. A variety of other objectives are interesting to explore, both as a route to gaining new insights into systembath interactions and into the controllability of dissipative systems, and as a route to better controlled alignment for applications in solution chemistry.
Two such objectives are explored in the present work. We first consider the problem of manipulating both the duration of alignment and its magnitude. This objective is relevant to most applications of alignment as a means of controlling solution chemistry, and has also pedagogical value, as discussed below. Next we explore the possibility of creating two-state superpositions that are long lived in dissipative environments. This objective is of interest for quantum logic applications of angular momentum states and is instructive in conveying basics of two-level systems. We use CO in Ar bath as a concrete model, since the collision rates for this system have been previously determined. Our results, however, are general, and would apply to any linear or symmetric top molecule. Since the revival time is inversely proportional to the rotational constant and the Rabi coupling ͑in the frequency regime considered͒ scales as the product of the field by the transition dipole moment, different molecular systems exhibit similar phenomena at different intensities and timescales but the mechanisms inferred from the optimized fields are invariant.
In Sec. II, we discuss our theoretical framework. We do not reproduce the complete derivation detailed in Ref. 44 but provide only a brief summary and the new elements that are specific to the present application. Section III discusses our results, considering first ͑Sec. III A͒ the problem of alignment over an extended period and next ͑Sec. III B͒ the task of producing two-level superpositions of rotational levels with prespecified compositions at a desired instant. Our conclusions are briefly summarized in Sec. IV.
II. OPTIMAL CONTROL THEORY FOR DISSIPATIVE MOLECULAR ALIGNMENT

A. The system Hamiltonian and density operators
The system Hamiltonian ͑H s ͒ consists of the molecular part ͑H mol ͒ and its coupling to the external field ͑H int ͑t͒͒, H s = H mol + H int ͑t͒, where, for a linear rigid molecule, the molecular Hamiltonian can be expressed in the basis of rigid rotor eigenstates as
J are the energy eigenvalues, J = B e J͑J +1͒, B e is the rotational constant at the equilibrium configuration, J is the matter angular momentum quantum number, and M is the corresponding magnetic label. Our interest is in the low-frequency regime, where the laser frequency is comparable to the rotational transition frequencies. Hence the time dependent interaction with a linearly polarized laser pulse is given in terms of the rigid rotor eigenstates as
where 0 is the parallel component of the matrix element of the dipole operator in the ground electronic wavefunction, is the polar Euler angle between the molecular and field axes, and the electric field of the laser has been expressed as ⑀ ជ͑t͒ = ⑀⑀͑t͒, with ⑀ denoting a unit vector along the field polarization axis.
In the Markovian approximation, the reduced density operator, ͑t͒, evolves subject to the Liouville equation,
where
and D is the dissipative superoperator, accounting for coupling of the system Hamiltonian to a bath. Within a multilevel Bloch model, the action of the dissipative superoperator on the reduced density operator is approximated as
where K JMJ Ј M Ј is the rate of population transfer from state ͉JM͘ to state ͉JЈMЈ͘ and ␥ JMJ Ј M Ј ͑pd͒ represents the pure decoherence 46 rate between the states ͉JM͘ and ͉JЈMЈ͘. The K JMJ Ј M Ј are computed via empirical scaling laws, as discussed in Ref. 48 . Their magnitude reflects the efficiency of atom-diatom collision rates at a given gas pressure. The pure decoherence rates, ␥ JMJ Ј M Ј ͑pd͒ , serve as a parameter for the purpose of this discussion. In the gas phase, it has been often concluded that pure decoherence is negligible or else that it is at most weakly J-dependent ͑the former category includes the CO / Ar system͒. In addition to the assumption of an infinitely short bath correlation timescale, Eq. ͑5͒ also invokes the secular approximation. This sets to zero the terms in the dissipative superoperator that allow populations to flow into coherences ͑and visa versa͒ as well as coherences transfering from one pair of states to another. These further approximations are valid for anharmonic systems, in particular, as highly anharmonic a system as the rigid rotor system discussed here. 47 We refer the readers to Refs. 49 and 50 for introductory discussions of the superoperator formulation of the Liouville equation, and to Refs. 48 and 51 for a discussion of the application to rotational wavepacket dynamics and molecular alignment in dissipative media.
B. Control fields for maximizing alignment that is distributed in time
The standard application of OCT in chemical systems seeks to determine the electric field of a laser pulse that would realize a specific observable at the end of the laser pulse, denoted below t = t f . 32 Studies of molecular alignment have typically quantified the degree and time evolution of the alignment in terms of the expectation value of cos 2 in the rotational wavepacket. In order to maximize this observable at the end of the laser pulse, t = t f , one seeks the extremum of the functional A,
where the second term on the right-hand side guarantees an upper limit for the field intensity in the time interval t 0 to t f . The penalty function need be time dependent to avoid sudden switch on and switch off of the electric field, 52 and we use the form discussed in Ref. 44 . In order to maximize ͗cos 2 ͘ within a specific time window whose duration can be varied, 53 we generalize Eq. ͑6͒ as
where f͑͒ serves to define the time interval over which alignment is desired. An explicit expression for the electric field is obtained from the extremum of the functional A, namely, by solving ␦A / ␦⑀͑t͒ = 0. The details are provided in the Appendix, where the optimal field ⑀͑t͒ is expressed in terms of the time evolution of a set of superoperators U, which are themselves functions of the field as
Operationally, Eq. ͑8͒ entails propagation of the density operator from the initial time t 0 to the time t followed by evaluation of the commutator of the evolved density operator ͑t͒ with the dipole operator. The result is then propagated until a time through action of the second time evolution superoperator, U͑ , t ; ⑀͒, time windowed through multiplication by f͑͒ and integrated over all possible values of subject to the constraint Ͼ t that is imposed by the Heaviside function ⌰͑ − t͒. Finally, the integral is acted upon by the alignment operator cos 2 and a trace is performed to obtain the electric field ⑀ at time t. As the time evolution superoperators, which determine the field, are functionals of the electric field, Eq. ͑8͒ calls for an iterative solution. A rapidly converging iterative scheme is proposed in Ref. 45 , where an auxiliary density operator is introduced that is back propagated from the final time t f to t. In terms of the back-propagated density operator, the electric field can be recast more simply as
where the auxiliary density operator is defined as
and can be shown to obey the equation of motion,
is similar to the equation of motion of the auxiliary density operator that is obtained for f͑͒ = ␦͑ − t f ͒ but includes an inhomogeneity, namely, the term f͑t͒cos 2 that represents a target that is distributed in time. By propagating the density operator ͑t͒ forward from an initial time and the auxiliary density operator ͑t͒ backward from a final time, one obtains the electric field for the intermediate time t, as envisaged in Eq. ͑9͒. This separate propagation results in an efficient iterative procedure.
III. RESULTS AND DISCUSSION
A. Maximizing molecular alignment during a specified time interval
Nondissipative dynamics
In our earlier work 44 on control of molecular alignment, we sought to place the maximum value of the alignment, as characterized through ͗cos 2 ͘, in the field-free regime as the pulse smoothly went to zero. Here, we seek to maximize the magnitude of alignment over a prespecified period of time. As this target requires a more general constraint on the pulse duration, the field will not necessarily be zero at t f , although all subsequent revivals will occur in the field-free regime. In the calculations presented here, we use a Gaussian function of width ⌺ for the time-window function, f͑͒ in Eq. ͑7͒. Several alternative shapes, including unit step functions, smooth flat top functions, and asymmetric flattop functions, have been used with similar results.
As a pedagogical exercise, we consider first a simple example, where the temperature and the dissipative processes vanish and the Gaussian time-window function, f͑͒, is varied from the delta function limit, ⌺ → 0, to the limit of adiabatic population transfer, ⌺տប/ ⌬, where ⌬ is a characteristic energy level spacing. In the former limit f͑͒ → ␦͑ − t f ͒, and the control scheme reduces to the case explored in Ref. 44 , where alignment is maximized at the end of the pulse and its duration is not specified. Here the algorithm populates as wide a rotational wavepacket as the intensity upper bound and the pulse duration permit. In the isolated molecule case, dephasing scales as ͑⌬J͒ −2 , ⌬J being the width of the wavepacket in angular momentum space, and hence the sharper the alignment the shorter its duration. In the latter limit, ⌺ approaches and exceeds the half period of beating of two adjacent rotational levels, ⌺տ2ប / ͑ J − J−1 ͒ ͑⌺տប / B e in the zero temperature limit͒. In this situation, alignment can best be affected by adiabatic transfer of the system from the ͑isotropic͒ J = 0 into the J = 1 rotational state and dephasing is fully eliminated-the alignment is infinitely long lived but weak, corresponding to the natural anisotropy of a single rotational level.
This behavior is illustrated in Fig. 1 , where we consider the case of zero temperature and pressure. Time is measured in units of the natural system timescale, rot = ប / B e , and ⌺ is varied from 0 to 0.15 rot , on the order of the width of the alignment peak. In the small ⌺ limit, our results are similar to those of Ref. 44 . As ⌺ grows, the alignment peaks broaden while decreasing in magnitude, and the algorithm gradually converts to population transfer into a single state, in the zero temperature case the ͉J =1,M =0͘ state. The dashed curve in Fig. 1͑b͒ , corresponding to over 99% population transfer into the ͉J =1,M =0͘ state ͓see Fig. 1͑c͔͒ , exhibits the alignment associated with this single orbital, ͗cos 2 ͘ = 3 5 , and is essentially time independent, since coherences are nearly fully eliminated.
The effect seen in Fig. 1 , however, is unique to the low temperature limit. When higher angular momentum states are significantly populated thermally, the wavefunction maps more strongly onto the higher moments of the angular distribution and the complete population transfer mechanism does not maximize the specific observable taken here to characterize the alignment. In the general case, complete elimination of coherences and reliance only on the natural anisotropy of the rotational orbitals to affect alignment leads to rather modest ͗cos 2 ͘. At finite rotational temperatures, we find that coherences are not eliminated with increasing ⌺, but the alignment peaks are broadened, and in the large ⌺ limit, lose their symmetry, eventually breaking into a number of smaller peaks around t f , at which point the precise timing of alignment is lost.
The mechanism by which this takes place is illustrated in Figs. 2 and 3 for finite temperature cases. As seen in Fig. 2 , the field that optimizes the target in the delta function case, ⌺ → 0, has the structure of an intense pulse followed by several weak subpulse features. The multiple pulses simplify the creation of the large coherences needed to time and maximize the alignment. A qualitatively distinct result is observed in the broadened f͑͒ case. ͑We note that because of the more general boundary condition, the field is allowed to act on the ensemble during and past t f and acts further past it the larger ⌺ is͒. The optimal pulse for the broadened case excludes many of the high frequencies seen in the ⌺ = 0 case, and hence the corresponding wavepacket is much more FIG. 1. Alignment over a pre-specified time interval. Averaged alignment, ͗cos 2 ͘, for different values of the Gaussian width parameter that determines the required duration of the alignment: ͑a͒ ⌺ =0 ͑solid curve͒; ⌺ = 0.012 rot ͑dashed curve͒; ͑b͒ ⌺ = 0.058 rot ͑solid curve͒; ⌺ = 0.14 rot ͑dashed curve͒. ͑c͒ J-state populations for J =0 ͑solid curve͒, J =1 ͑dashed curve͒, and J =2 ͑dotted curve͒, showing the nearly complete transfer of the population to the J = 1 state. In all cases, the pressure and the temperature are 0 and t f = 2.3 rot , as indicated by the vertical dashed line. We use reduced time units, rot = / B e , where B e is the rotational constant.
FIG. 2.
͑Color͒ Short-time Fourier transform of optimal fields at 0 pressure and T = 9.4ϫ 10 −2 with ͑a͒ a delta function window, ⌺ =0 ͑b͒ ⌺ = 0.035 rot , and ͑c͒ ⌺ = 0.058 rot . The arrow indicates the target time at which the algorithm seeks to maximize the alignment, t f =2.3 rot , and the color bar provides the intensity in relative units. Time is given, as in Fig. 1 , in units of rot , energy is given in units of B e , and T = k B T / B e , where k B is the Boltzmann constant and T the temperature. Note that the generalized boundary condition allows the field to extend past t f .
heavily populated in the lower J-components. In addition, as ⌺ grows, the field acts later in time, focusing just before t f , and the distinct multiple peak structure, associated with alignment that capitalizes primarily on coherences, becomes progressively less pronounced. Figure 3 further analyzes the mechanism of alignment and its variation with increasingly broad f͑͒. Panel ͑a͒ shows the expectation value of the squared angular momentum operator J 2 and panels ͑b͒ and ͑c͒ illustrate, respectively, the population and the coherence components of ͗cos 2 ͘, as derived in Ref. 51 , Fig. 2 , showing that rotational excitation is deferred to a later time and reduced in extend as ⌺ increases. Panels ͑b͒ and ͑c͒ illustrate that the control algorithm acts to broaden the alignment duration while maximizing its peak value by better optimizing the populations and gradually decreasing the coherence components of the density matrix. This translates into increase of the alignment base line accompanied by reduction of the oscillation amplitude as f͑͒ broadens.
Effects of population relaxation
For a large peak value of alignment of unspecified duration, a broadly distributed rotational population with significant population in many J-states is needed. This allows for significant coherences but necessarily narrows the alignment peak. The resulting ͗cos 2 ͘ oscillates with large amplitude in both positive and negative directions, and hence, while the transient alignment is strong, its long time average is relatively small ͑approaching, as shown in Ref. 40 , ͗cos 2 ͘ =1/ 2 in the high fluence limit͒. The requirement of broadened alignment has thus the effect of decreasing the transient alignment peaks while increasing the long-time-averaged ͗cos 2 ͘.
Since the control mechanism decreases the extent of rotational excitation when targeting broad alignment peaks, the effect of population relaxation is less significant than in the ⌺ = 0 limit, where only the timing of the alignment is predetermined. As seen in Fig. 4 for CO in Ar, the broader f͑͒ the more resilient to relaxation the alignment signal is. Analysis of the corresponding pulse shapes shows that pulses optimized to produce a broad f͑͒ in the absence of relaxation are similar in strategy to those calculated in the f͑͒ = ␦͑ − t f ͒ case in the presence of relaxation. Pulses designed to produce alignment over a time period are thus expected to be more robust with respect to population relaxation.
Effects of temperature
The discussion of the previous paragraphs illustrates the ability of the control algorithm to maximize two targets that tend to direct the parameters in opposite directions. Once the temperature is raised, however, and the initial state becomes a broader thermal ensemble, control becomes increasingly challenging. Wavepackets robust against collisions can be created out of a cold ensemble with low population in large M states, but given larger initial population with angular momentum projections far off the polarization axis, control of alignment becomes difficult to attain. The main reason for which the effect of temperature combined with dissipative mechanisms is more severe in the case where the target is time distributed is the selection rules inherent to angular momentum eigenstates. In particular, a wave packet preferen- 
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tially composed of lower J-states with optimal phase relations, as discussed above, cannot be created when high J-states are thermally populated since J is lower bounded by the magnetic quantum number M. Figure 4 shows the effects of increased temperature in the absence and the presence of relaxation. Although alignment peaks can still be attained at the specified times, their magnitude is much reduced as the temperature is increased. The optimal pulses for these cases show very little variation from one another, which indicates that optimal control is unable to adjust to the isotropy.
Effects of pure decoherence
As discussed above, the alignment dynamics for a broadened target state depends much more strongly on the populations of the J-states and is less sensitive to the coherences between levels as compared to the unbroadened case. We therefore expect increased rates of pure decoherence to have less effect on the ability of optimal control to attain such a target state. This anticipation is confirmed and we find that broadened target states can be realized in the presence of as short pure decoherence lifetime as 10 ps with little variation in the pulse spectral content from much longer lifetimes. The optimal fields remain quite similar for a wide range of pure decoherence rates, changing only in extreme cases. This result stands in contrast to the unbroadened ͑⌺ =0͒ case, where the control mechanism varies markedly with the rate of pure decoherence.
B. Construction of prespecified rotational superposition states
The preparation of a superposition of two angular momentum states with prespecified composition is an interesting objective, given the variety of applications of coherent spin states in quantum logic. Here we address two additional questions of general interest for understanding the controllability of complex systems. The first ͑Sec. III B 1͒ is the extent to which a statistical ensemble can be converted into a pure state, in this particular case, the degree to which a thermal distribution can be focused into a two-level superposition. The second ͑Sec. III B 2͒ is the degree to which OCT can produce a state that will resist dissipation, in the present case, the degree to which the superposition lifetime can be extended subject to dissipation.
Control in a nondissipative environment
Consider first the creation of a superposition of the ͉J 1 , M͘ and ͉J 2 , M͘ states with population ␣ 1 in the former and ␣ 2 in the latter state. To realize this superposition, we introduce the target operator,
where each of the terms in brackets is raised to a power n in order to increase the penalty for deviation from the required population. We use n = 10 in the calculation below but the precise choice of n is not important. The target defined in Eq.
͑13͒ seeks to focus the population into a pair of J-states, with no restriction on the magnetic sublevels, but selection rules in the presence of a linearly polarized field restrict M to its initial value. In that, the thermal population of angular momentum states J i =0, ... ,J i max ͑T͒ with −J i ഛ M i ഛ J i ͑T being the temperature and J i max ͑T͒ the highest thermally populated J-state at T͒ forbids the transfer of M i Ͼ J 1 , J 2 components to the target superposition for all J i Ͼ J 1 , J 2 . In addition, it upper bounds the fraction of allowed population in J 1 , J 2 Ͼ J i max , as magnetic components exceeding J i max cannot be populated. More generally, as was illustrated previously, 55 ,56 kinematic constraints limit the extent to which statistical ensembles can be controlled by time-dependent external fields. In particular, the population transferred into a given ͑normal-ized͒ state ⌿ when the initial state is a statistical ensemble is upper bounded by the largest and lower bounded by the smallest of the statistical weights of the states comprising the initial ensemble. For the example of CO molecules at 10 K, for instance, considering for specificity the choice J 1 =3, J 2 = 4, the upper bound on the population that may be transferred into a given pure ͑here a two-state superposition͒ state is 0.932. This value decreases for states with lower M-degeneracy and increases slightly for states with greater M-degeneracy. As we increase the temperature to 20 K, the M-state population is further distributed to states higher than M = Ϯ 3 and M = Ϯ 4 and the population transfer to the target superposition falls to 0.801, with the rest of the population trapped in inaccessible higher M-states.
As an example, we consider the application of Eq. ͑13͒ to produce a superposition of the ͉J =3, M͘ and ͉J =4, M͘ rotational levels with ␣ 1 = 40% of the population in the former and ␣ 2 = 60% in the latter, the initial state being a thermal ensemble at T =10 K ͑corresponding to a dimensionless temperature of T = KT / B e = 9.4ϫ 10 −2 ͒. The closest combinations available from the initial statistical weights are ϳ35% and ϳ56% in the J = 3 and J = 4 states, respectively. For a total pulse duration t f = 4.6 rot , the target superposition is attained with 88.27% of the population in the ͕͉J =3, M͘ , ͉J =4, M͖͘ subset, amounting to 94.71% of the kinematically allowed upper limit, of which 35.28% is in the ͉J =3, M͘ state and 52.46% in the ͉J =4, M͘ state.
As was found in Ref. 44 for a qualitatively different target, the controllability is significantly improved with the total pulse duration. With a t f = 13.82 rot pulse, for instance, the population in the target superposition reaches 90.83%, which is 97.5% of the kinematic upper limits, with 35.06% in the ͉J =3, M͘ state and 55.78% in the ͉J =4, M͘ state. The control mechanism is similar to that found to operate in a dissipation-free environment. 44 When allowed by the overall duration of the field-matter interaction, the pulse breaks into a series of two or more subpulses separated by the rotational period and gradually increasing in center energy so as to dynamically adjust to the increasing rotational level spacing. The result of Ref. 44 is consistent with the studies of Refs. 37, 57, and 58, where alignment by unoptimized pulses was studied. The present results suggest that a series of subpulses self-synchronized with the revival features of the rotational wavepacket is more generally an efficient mechanism for control of rotational wavepacket dynamics. We note paren-thetically that the multiple pulse pattern was found experimentally and numerically to result from optimal control studies of several other problems, corresponding to a variety of control objectives. Longer pulses ͑i.e., longer series containing a greater number of subpulses͒ improve the control over the wavepacket by allowing the algorithm to sequentially adjust the required amplitude and phase relations to match the target state. For more complicated or higher energy targets ͑for example, a superposition of states lying very high above the initial thermally populated ensemble͒, it is necessary to allow a longer field-matter interaction time or higher intensities to enable the required multiple sequential transitions. For example, for the situation discussed above, a t f = 13.82 rot pulse sequence is able to create superposition states up to levels J 1 = 7 and J 2 = 8, but with our upper bound on the intensity is unable to create a superposition of the J 1 = 8 and J 2 = 9 states.
Effects of population relaxation
In this subsection, we proceed to examine the effect of population relaxation on the ability of OCT to generate twolevel superpositions with a predetermined composition. For relaxation timescales long compared to the pulse duration, the optimized field generated in the presence of relaxation does not differ significantly from that determined in the absence of relaxation. As t f becomes comparable to, and shorter than, the characteristic relaxation time, however, the control mechanism changes. Here the field responds to the environment in a way that is both instructive and target dependent. When the algorithm seeks to maximize an expectation value, the rotational superposition state is adjusted to the dissipative environment via population of higher J-states, which are associated with larger energy spacings and slower relaxation times. In the case that a specific superposition makes the target, by contrast, the opportunities for circumventing relaxation are limited. Here we observe that for a given wavepacket/environment combination, there is an effective pulse duration that characterizes the optimal field regardless of our choice of the total interaction time t f . The effective pulse duration is closely approximated by the characteristic wavepacket relaxation time ⌫ −1 . For t f exceeding ⌫ −1 , the leading portion of the interaction time, with length t f − ⌫ −1 , is iteratively adjusted to zero and the fluence is concentrated in the last portion of duration ϳ⌫ −1 . In this fashion, the algorithm avoids investing in rotational excitation that would relax before the target time t f has been reached. In the following discussion, the characteristic wavepacket relaxation time for a given set of parameters is determined by the method introduced in Ref. 51 , namely, a single exponential decay constant is extracted from the decay of the population component of the observable, ͗cos 2 ͘ p . We proceed to explore the extent to which the control algorithm is able to counteract the effects of the dissipative environment, in effect suppressing relaxation and decoherence. To that end, we contrast the postpulse relaxation dynamics of a superposition crafted by optimal control to make a desired target state with the relaxation dynamics of an ideally prepared superposition. The latter is formed through our knowledge of the eigenvalues of the initial density matrix. 56 The relaxation dynamics of this optimal superposition will be the same as that of the superposition created through the control algorithm to the extent that the algorithm was able to counteract the relaxation and decoherence during the pulse. We expect the relaxation time observed through the optimal control calculation to approach the idealized value in the low pressure and low J 1 , J 2 limits, where relaxation can essentially be ignored, as well as in the short pulse high intensity limit, where the dissipative mechanism is not allowed sufficient time to affect significant relaxation.
This response of the pulse to the system-bath interaction is illustrated in Fig. 5 , which contrasts the dynamics induced by a t f = 4.6 rot pulse ͓panels ͑a͒-͑c͔͒ with that induced by a t f = 9.21 rot pulse ͓panels ͑d͒-͑f͔͒. Shown are the populations of J-states ͓͑a͒ and ͑d͔͒, the time evolution of the optimized field ͓͑b͒ and ͑e͔͒, and the corresponding Fourier transforms ͓͑c͒ and ͑f͔͒. The optimal pulse in the first case contains significant subpulses throughout and uses the entirety of the allotted time to act on the ensemble. We note the difference in the placement of the more intense subpulses relative to the less intense one, marked in Fig. 5͑b͒ . In the relaxation-free environment, the intense pulses are free to act early in the pulse, as the populations excited and phase relationships established will remain intact by t = t f . In the presence of relaxation, however, the intense subpulses are applied toward the end of the pulse, in order to adjust to the relaxing environment. The superposition "lifetime" ͑defined as the time between the end of the pulse and the time at which the relative magnitude of the superposition components is disrupted due FIG. 5 . Population of a two-level superposition ͑here J 1 =3, J 2 =4͒ with a predetermined composition at T = 9.4ϫ 10 −2 and 200 Torr. ͓͑a͒-͑c͔͒ t f = 4.6 rot , ͓͑d͒-͑f͔͒ t f = 9.2 rot . ͓͑a͒ and ͑d͔͒ Time evolution of the population in rotational levels J =0, . . . ,4: J =0 ͑diamonds͒, J =1 ͑ϩϩϩϩ͒, J =2 ͑solid curve͒, J =3 ͑-·-·͒, and J =4 ͑---͒. ͓͑b͒ and ͑e͔͒ The optimal fields for the transitions in panels ͑a͒ and ͑d͒, respectively. The major subpulse features of the field are approximately separated by rot , the natural timescale of the system. ͓͑c͒and ͑f͔͒ The Fourier transform of the fields in panels ͑b͒ and ͑e͒, respectively. The dashed lines indicate the energies of transition from state J to state J + 1 in the model system ͑CO in Ar͒. The optimal pulse for the t f = 9.2 rot case is essentially the pulse for the t f = 4.6 rot study, shifted to cover the last 4.6 rot portion of the pulse, leaving the initial 4.6 rot near zero. Correspondingly, the frequency spectrum of the t f = 9.2 rot pulse is identical to that of the t f = 4.6 rot pulse.
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Rotational motions in dissipative media J. Chem. Phys. 129, 134301 ͑2008͒ to relaxation͒ is approximately 2.3 rot in this situation, with ⌫ −1 ϳ 4.89 rot ͑5.1 rot for an ideal superposition͒ and the spectrum ͓panel ͑c͔͒ shows the spectral content of the pulse, as adjusted to induce sequential excitation of the J = 0 to the J = 4 level.
Given twice as long a time ͓panels ͑d͒-͑f͔͒, however, the optimal pulse remains essentially invariant in temporal structure and spectral content. It is merely shifted by t f − ⌫ −1 , so as to act just before t f . The energy spectrum ͓panel ͑f͔͒ is not better resolved, as may have been expected to result from increase of the pulse duration, but is essentially a replica of the short pulse analog of panel ͑c͒. The population dynamics ͓panel ͑d͔͒ likewise duplicated the short pulse results. As in the dissipation-free case discussed above, the effective pulse duration is lower bounded by the requirement of containing two or more sequential subpulses separated by a time period of the order of the natural system timescale rot . Thus, the optimal approach to the desired superposition places both an upper and a lower bound on the effective interaction time, t eff , 2 rot Ͻ t eff Ͻ⌫ −1 . It follows that the effective pulse duration clocks the ͑environment and temperature dependent͒ relaxation time.
As an interesting aside, we remark that the electric field generated by the control algorithm does not neccessarily integrate to zero unless the algorithm constraints it to have this property. In the present study, we did not constrain the field to integrate to zero and found that the generated field has a nonzero integral. To eliminate this feature, we transformed the field to the frequency domain, filtered out the very lowfrequency components, and back transformed the filtered field to the time domain. The resulting field, as seen in Figs. 5͑b͒ and 5͑e͒, exhibits the proper zero integral while the results of the control algorithm are not modified. The reason is that the very low frequency components do not have a role in the specific dynamics studied here. Figure 6 investigates the effect of increasing the degree of rotational excitation, J 1 , J 2 , by comparing the relaxation times of superpositions prepared via OCT with various target levels at T = 9.4ϫ 10 −2 , 100 Torr, and t f = 9.21 rot . In the case of J 1 = 3 and J 2 = 4, the lifetime of the individual rotational levels involved is ϳ5.76 rot , and the superposition relaxation time is ⌫ −1 = 9.68 rot . For the ideally formed superposition, the lifetime is 9.92 rot and ⌫ −1 is 10.14 rot . For a superposition of the J = 5 and J = 6 levels, by contrast, the lifetime is approximately 12.79 rot , identical to ⌫ −1 , and the field begins to act earlier in time, showing the characteristic of an optimal pulse with a slower effective relaxation time. 44 In this case, the lifetime for the ideally formed superposition is 16.01 rot and ⌫ −1 = 13.59 rot . This trend extends to higher degrees of rotational excitation. For J 1 = 7 and J 2 = 8, the superposition lasts nearly 17. Clearly, the phenomenological decay timescale is a useful measure of relaxation in a wave packet dominated by only a few states, even when the relaxation dynamics is much more complex than the classic two-level model. As discussed above, the degree of rotational excitation is limited by the frequency content of the pulse, the initial rotational temperature, and the intensity. For a given initial rotational distribution, higher intensity is needed the higher J 1 , J 2 . Thus, for the above temperature, it is found impossible to create a superposition of J 1 = 8 and J 2 = 9 with the intensity upper bound considered.
Effects of increased temperature
As discussed in Sec. III A, rotational temperature has a drastic effect when the control target is defined in terms of alignment. In the case where formation of a specific superposition state is the objective, the rotational temperature has a less important and much simpler effect. On the one hand, the inherent limit on the fraction of population that can be placed in a given rotational state becomes more restrictive as the rotational temperature rises. As mentioned above, by increasing the temperature from T = 9.4ϫ 10 −2 to T = 1.88 ϫ 10 −1 ͑10-20 K for the case of CO solute͒, the total population that can be placed into a superposition of the J = 3 and J = 4 falls from 0.932 to 0.801. This results from the increasing population in inaccessible M-states ͉͑M͉ Ͼ J 1 , J 2 ͒ that accompanies the thermal population of increasingly high rota- FIG. 6 . Evolution of rotational populations for generically constructed optimal superpositions ͓panels ͑a͒, ͑d͒, and ͑h͔͒ and corresponding superpositions created by the optimal control algorithm ͓panels ͑b͒, ͑e͒, and ͑i͔͒ at T = 9.4ϫ 10 −2 , t f = 9.21 rot and 100 Torr. The optimal fields corresponding to panels ͑b͒, ͑e͒, and ͑i͒ are shown in panels ͑c͒, ͑f͒, and ͑j͒, respectively. J = 1 is denoted by a solid curve, J =2 by ͑¯͒, J =3 by ͑--·--·͒, J =4 by ͑---͒, J =5 by ͑-·-·͒, J =6 by ͑-··-͒, J = 7 by large ͑-·-·͒, and J =8 by small ͑---͒. For clarity, only states relevant to the studied dynamics are shown. Panels ͑a͒-͑c͒ consider a target superposition of the J 1 = 3 and J 2 = 4 with 60% of the population in the former and 40% in the latter. ͑The closest kinematically allowed populations, see Ref. 56 , are ϳ56% and ϳ36%.͒ In this case the superposition lifetime is about 6.3 rot . Panels ͑d͒-͑f͒ consider a target superposition of the J 1 = 5 and J 2 = 6, with which the superposition lifetime is 12.8 rot . Panels ͑h͒-͑j͒ seek to produce a J 1 =7, J 2 =8 superposition with a lifetime of 16.1 rot . For low energy superposition, the effective pulse is of duration of the relaxation time and acts just before t f . As J 1 , J 2 increase, multiple subpulses of increasingly high frequency develop and earlier portions of the pulse are utilized.
tional levels J i Ͼ J 1 , J 2 . Thus, for given values of J 1 , J 2 , a larger proportion of the initial ensemble cannot reach the target state as temperature rises. On the other hand, the higher temperature can be used to create higher lying superpositions than could be created from colder initial distributions without increasing the intensity to unrealistic levels. For the example of CO at 10 K, a superposition of the J 1 = 8 and J 2 = 9 levels cannot be produced with the upper limit imposed on the intensity in the above calculations, but at 20 K such superpositions are readily accessed. Since the relaxation lifetime increases rapidly with J, the higher rotational temperature introduces the possibility of producing longer lived superpositions at realistic intensities, provided that the laser electric field includes sufficiently high frequencies to access the higher states.
IV. CONCLUSIONS
The work discussed in the previous sections has been motivated by several objectives. One is to apply the OCT as a coherence spectroscopy, to gain new insights into systembath interactions through analysis of the time evolution and spectral content of fields optimized to realize specific targets. A second is to enhance our understanding of the controllability of chemical systems in dissipative media by coherent light. A third is to inquire specifically into the extent to which the method of nonadiabatic alignment can make a useful tool in the presence of relaxation and decoherence.
A recent article addressed these questions by imposing as a control target maximum alignment at a predetermined instance. The present contribution extends our earlier study by investigating two more complicated targets, each of which has interesting specific applications in addition to contributing to our understanding of the general questions listed above. We first explored the possibility of maximizing alignment over a predefined temporal window, as would often be required for applications of alignment to control of reactions in media. Next we applied the formalism to create two-level superpositions of angular momentum states with predetermined composition at given instances of time.
The former problem, that of maximizing alignment over increasingly long temporal periods subject to a dissipative environment, illustrates nicely the approach of laser alignment to the limit of population transfer into a single rotational level as the period over which alignment is needed is prolonged. It also illustrates the limits defined by the environment on the controllability of alignment. Finally, it shows clearly the ability of OCT to tailor wavepackets that would provide significant alignment over extended periods.
The latter target, that of producing at a predetermined instant a two-level superposition of angular momentum states with desired composition, is found to be particularly instructive. On the one hand, it addresses the more general problem of producing a pure state out of a statistical ensemble, here a thermal mixture, where the algorithm is inherently limited by the structure of angular momentum space. On the other hand, it provides an interesting route to clocking dissipation time scales.
We find that control theory can generally compensate well for dissipation and high temperature in nonideal environments, pointing out cases when the environment effectively prohibits the kinds of control we seek. Substantiating our earlier study, we find that optimal control can be usefully applied to understanding the dynamics of rotational wavepackets in dissipative media and that it is adaptable to a range of interesting targets. In particular, valuable mechanistic information can be determined from study of the forms of the optimal pulses, which is silent in the observables of studies with unoptimized pulses.
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APPENDIX: DERIVATION OF THE OPTIMAL ELECTRIC FIELD
A functional A, whose extremum we seek in order to maximize an arbitrary target operator O that is distributed in time according to a window function f͑͒, is given as
where 
